
String theory lecture - Exercise sheet 9
To be discussed on December 17th

Lecturer: Prof. Arthur Hebecker Head tutor: Dr. Thibaut Coudarchet

The goal of this exercise sheet is first to compute the propagator of the free boson on the
sphere. We then compute some important OPE’s involving the energy-momentum tensor. Finally
we rederive the Virasoro algebra from the OPE’s and we evaluate how the energy-momentum
tensor varies under conformal transformations.

1 Free boson propagator
The action for the free boson is

S[X] = 1
2πα′

∫
dzdz̄∂zX(z, z̄)∂z̄X(z, z̄) , (1.1)

and the energy-momentum tensor is given by

T (z) = − 1
α′ : ∂X(z)∂X(z) : . (1.2)

a) Apply the identity ∫
M

Dϕ(x′)δF [ϕ(x′)]
δϕ(x) = 0 , (1.3)

for F [X(z′, z̄′)] = X(z′, z̄′)e−S[X(z′,z̄′)] to find the relation

∂z̄∂z⟨X(z, z̄)X(w, w̄)⟩ = −πα′δ(2)(z − w, z̄ − w̄) . (1.4)

b) Stokes theorem on the complex plane implies∫
U

(∂z̄F − ∂zG) dzdz̄ = −i
∮

∂U
(Fdz + Gdz̄) , (1.5)

where F (z, z̄) and G(z, z̄) are functions on an open region U of C. Apply this formula1 with
G = 0 and F = 1

z
on the ball of radius r centred around the origin to find

2πδ(2)(z, z̄) = ∂z̄
1
z

. (1.6)

c) Manipulate ∂z̄
1
z

to make a logarithm of the modulus squared appear2 and conclude that

⟨X(z, z̄)X(w, w̄)⟩ = −α′

2 ln(|z − w|2) . (1.7)

From this deduce ⟨∂zX(z)∂wX(w)⟩.
1Bonus: Think of how to make sense of it in the case of the not nicely behaved functions under consideration

here.
2Can you see why any other rewriting would not be consistent?
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2 Some OPE’s
In all the following questions you will have to make use of the Wick’s theorem to compute the
OPE’s.

a) Redo carefully the computation of the OPE of T (z)∂X(w) and compare with what is expected
for a primary operator to deduce the conformal weights h, h̄ of ∂X(w).

b) Now compute the OPE of T (z)T (w) to find

T (z)T (w) = 1/2
(z − w)4 + 2T (w)

(z − w)2 + ∂wT (w)
z − w

+ finite . (2.1)

c) Compute the OPE of ∂X(z) : eikX(w,w̄) :. For this expand the exponential and you should find

∂X(z) : eikX(w,w̄) := −iα′k

2
: eikX(w,w̄) :

z − w
+ finite . (2.2)

d) Compute the following OPE:

T (z) : eikX(w,w̄) := α′k2

4
: eikX(w,w̄) :
(z − w)2 + ∂ : eikX(w,w̄) :

z − w
+ finite . (2.3)

Assuming that no subtlety arise like for the X fields, conclude on the nature of the field
: eikX(w,w̄) :.

3 Energy-momentum tensor
The Virasoro generators Ln, n ∈ Z on the complex plane are given by

Ln =
∮

C

dz

2πi
zn+1T (z) , (3.1)

where C is a contour which goes around the origin.

a) Write the commutator [Lm, Ln] and apply the strategy outlined in figure 28 of the LaTeX
version of the lecture notes to find

[Lm, Ln] =
∮

C

dw

2πi

∮
Cw

dz

2πi
zm+1wn+1T (z)T (w) . (3.2)

In this relation Cw is a contour around z = w.

b) Thanks to the OPE of T (z)T (w) found in the previous exercise (replace 1/2 by c/2), rederive
the Virasoro algebra

[Lm, Ln] = (m − n)Lm+n + c

12m(m2 − 1)δm+n . (3.3)

To do this, make also use of the Cauchy-Riemann formula:∮
Cw

dz′

2πi

f(z′)
(z′ − z)n

= 1
(n − 1)!f

(n−1)(z) . (3.4)
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c) Use the conformal Ward–Takahashi identity

δO(z) = −
∮

Cz

dz′

2πi
ϵ(z′)T (z′)O(z) , (3.5)

and the OPE of T (z′)T (z) to compute the following variation of the energy-momentum tensor
under the conformal transformation z → z̃ = z + ϵ(z):

δT (z) = −ϵ(z)∂zT (z) − 2ϵ′(z)T (z) − c

12ϵ′′′(z) . (3.6)

d) Check that the transformation

T (z) → T̃ (z̃) =
(

∂z̃

∂z

)−2 [
T (z) − c

12S(z, z̃)
]

, (3.7)

where the Schwarzian derivative is defined as

S(z, z̃) = ∂3z̃

∂z3

(
∂z̃

∂z

)−1

− 3
2

(
∂2z̃

∂z2

)2 (
∂z̃

∂z

)−2

, (3.8)

reproduces the infinitesimal variation computed in the previous question.

e) One can show (cf BLT p72) that the finite transformation is actually uniquely fixed by the
infinitesimal variation and additional consistency requirements. Consider the map w → z(w) =
e−2iπw/l from the cylinder to the plane and find the relation

Tcylinder(w) =
(2π

l

)2 (
−z2Tplane(z) + c

24

)
. (3.9)
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