String theory lecture - Exercise sheet 7

To be discussed on December 34

Lecturer: Prof. Arthur Hebecker Head tutor: Dr. Thibaut Coudarchet

The goal of this exercise sheet is to study some details of the bc-ghost system and of the BRST
formalism. We first recall how to use Berezin integration to evaluate determinants. We then
analyse the effect of the bc-ghost ordering constant on the total system. Finally, we consider the
generic Faddeev—Popov procedure to demonstrate the BRST invariance, check how the particular
case of the bosonic string emerges, and we redo the constraint analysis on physical states of the
open string performed in the lecture.

1 Grassmann determinant
Grassmann variables 0;, ¢ € {1,...,n} are anti-commuting:
0.0; = —0,0, = 0;=0. (1.1)
The Berezin integration over Grassmann variables is defined such that
/d@i —0, /deiej =6 (1.2)
a) From the properties of the Berezin integration you can deduce
/ 40, .. .0, = ei. i . (1.3)

Use the Taylor expansion of the exponential to show that for a n x n matrix M, one has

/ 1T desdd, exp (67 Mw) = det M. (1.4)
=1

2 Ghosts and Casimir
The be-ghost system is quantized such that
{bmu Cn} = Om+n {bmy bn} = {Cm’ Cn} =0, (21)

and their energy-momentum tensor modes are

L8 = (m—n): bpsnCn : - (2.2)

ne”

a) Use (-regularization to compute the normal-ordering constant a® in L§.
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b) In total we have L,, = Lx + L&, + ady,.

o What is the ordering constant of the full system containing D X-bosons and the bc-ghost

system?
o Compare the result with the one obtained in light-cone gauge quantization.
o What is the effect of the be-ghost?

¢) One can show that the ghosts satisfy the following Virasoro algebra:

1
(L5, L3 = (m —n) Ly + 2

6(m — 13m°) g -

(2.3)

Write the commutation relation of the combined Virasoro generators [L,,, L] and explain what

the effect of the criticality condition is.

Note: In the Faddeev—Popov treatment of the path integral, a central extension in the Virasoro
algebra signals a Weyl anomaly. The ghosts come with a central charge and thus from this
point of view, cancelling the anomaly requires an opposite central charge from the X-bosons.

This is what constrains the number of spacetime dimensions.

3 BRST quantization

Recall from the lecture that we consider an action Sy[¢] invariant under a gauge symmetry with

parameter A“
¢ = ¢+ A%a0,

where the transformation operators form a Lie algebra with structure constants f,5":
[6047 56] = fagvév :
In addition we fix the gauge by imposing conditions, labelled by an index A, of the form
FAlg] = 0.
The Faddeev—Popov quantization of this system leads to a path integral
Z = / DD BADbAD exp (—Sy[d] — St B, &) — Spplb, ¢, ¢]) |
where the gauge-fixing and FP actions read
SylB. 6] = / iBAFA[],  Seplb,c, ] = / bac®0n FAlg)].
a) The full action is invariant under the global fermionic BRST symmetry acting like
0. = —iec®bop, 0.Ba=0, 0bs=€By, .= ;ecﬁc”’fma.
Our goal is to check this invariance. To do that follow these steps:
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(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)



b)

« Argue why 0.5; = 0.
¢ Show that (Se(bAFA> = ie(ng + SFP)
 Show that 6.0.¢" = 0 for ¢' € {¢, Ba,ba,c"}.

o Show that d.0¢(¢*)?) = 0 for ¢*, 17 € {p, Ba,ba, ™} and deduce that §.6¢G(¢p, Ba, ba, ) =
0 for any function G.

e Conclude that the full action is BRST invariant.

The bosonic string is a special case of the general formalism upon choosing
¢ < {XH*(1,0), hap(T,0)}, Sg <> Sp, = {c c},
1 V—=h A (3.7)
ba <> bap + ibhab, FA o 1 (h® — he?)
T

where ¢ and ¢ are respectively the diffeomorphisms and Weyl ghosts, and the symmetric tensor
b4 is decomposed into a traceless part by, and a trace part %bhab.

Show that with these identifications the FP action (with the ghosts b and ¢ still present)
becomes

Am e — / d2£\/jﬁ [bab(ﬁ Cap +b(V - c— 2(;)] : (3.8)

For that write down explicitly the variations 8ea F? and §.F?. Do not bother writing in detail
the terms proportional to (h® — h®) since they will disappear after integration over Bg.

Perform the path integral over b and ¢ by expanding b(c), ¢(o) and (V - ¢)(0) into a sum over
a complete set of functions (orthogonal to each other):

b(o) = Z b.Y,n (o), clo) = Z cnYn(o), (V-c)(o) = Z(V <) Yn(o). (3.9)

n

You should then recover the FP action of the lecture, with only the ¢* and b, ghosts:

AmSye = [ PV =hy(P - o). (3.10)

Note: This derivation of the FP action for the string is equivalent to the one you have seen
in the lecture. There you have first manipulated the inverse FP determinant to integrate out
w and only after this, you have introduced the diffeomorphism ghosts. Here in the exercise
we have first introduced all the ghosts (diffeomorphism + Weyl) and then integrated over the
Weyl ones which disappear along with the V - ¢ term.

The BRST charge of the open string is
1 1
Q= - Z Cn i Oy " Oy, & = Z (n—m): cpCmb_pn_m:—co. (3.11)
2 n,meZ 2 n,me”

Compute carefully @ |0, p,|) to find the mass-shell condition displayed in the lecture.



e) Consider the first-excited state

V) = (e-ay + by +7vc_1)|0,p, 1) . (3.12)

At this point this state contains 26 + 2 degrees of freedom. Redo the computation outlined in
the lecture to find that @ [¢)) =0 = p-e =0 and 5 = 0. This reduces the number of degrees
of freedom to 26.

f) Show that, in the BRST cohomology, one has the equivalence € ~ € + ('p, with 5’ € C. This
brings us down to 24 degrees of freedom, as required.
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